A group is called metahamiltonian if all non-abelian subgroups of it are normal. This concept is a natural generation of Hamiltonian groups. In this paper, the properties of finite metahamiltonian p-groups are investigated, and a complete classification of finite metahamiltonian p-groups is given.
Introduction
A group is called Dedekindian if every subgroup of it is normal. In 1897, Dedekind classified finite Dedekindian group in [10] . In 1933, Baer classified infinite Dedekindian group in [4] . A non-abelian Dedekindian group is also called Hamiltonian.
A non-abelian group is called metahamiltonian if all non-abelian subgroups of it are normal. This concept is a natural generation of Hamiltonian groups. In 1960's and 70's, many scholars researched metahamilton groups. Romalis and Sesekin [23, 24, 25] investigated some properties on infinite metahamiltonian groups, and Nagrebeckii [16, 17, 18] studied finite metahamiltonian groups. Nagrebeckii [17] proved following theorem: Theorem 1.1. Suppose that G is a finite non-nilpotent group. Then G is metahamiltonian if and only is G = SZ(G) where S is one of the following groups:
(1) P ⋊ Q, where P is an elementary p-group, Q is cyclic and (p, |Q|) = 1; (2) Q 8 ⋊ Q, where Q is cyclic and (|Q|, 2) = 1; (3) P ⋊ Q, where |P | = p 3 , p ≥ 5, Q is cyclic and (p, |Q|) = 1.
In [17] , more detailed information on S is given. Since a nilpotent group is the direct product of its Sylow subgroups, by above theorem, to study finite metahamiltonian groups, we only need consider finite metahamiltonian p-groups, which is more complex than the situation of non-nilpotent.
Metahamiltonian p-groups contain many important classes of p-groups. For example, finite p-groups all of whose subgroups of index p 2 are abelian, are metahamiltonian. All such groups are determined, See [7, 8, 11, 12, 26, 30] for the classification. Another example is finite p-groups all of whose non-normal subgroups are cyclic. See [20] . So, the classification of metahamiltonian p-groups is an old problem. It is concerned by many scholars. For example, this is a problem proposed by Berkovich and Janko in their joint book [8] .
Problem 768. Classify the p-groups all of whose non-normal subgroups are abelian.
In this paper, the properties of finite metahamiltonian p-groups are investigated, and a completed classification of finite metahamiltonian p-groups is given.
Main theorem(The classification of finite metahamiltonian p-groups): Suppose that G is a finite p-group. Then G is metahamiltonian if and only if G is isomorphic to one of the following pairwise non-isomorphic groups:
(A) groups with |G ′ | = p. 
Preliminaries
Let G be a finite group. G is said to be minimal non-abelian, if G is non-abelian, but every proper subgroup of G is abelian. A finite p-group G is called an A t -group if every subgroup of index p t of G is abelian, but there is at least one non-abelian subgroup of index p t−1 . So A 1 -groups are just the minimal non-abelian p-groups.
Let G be a finite p-group. We define Λ 1 (G) = {a ∈ G a p = 1}, V 1 (G) = {a p a ∈ G}, Ω 1 (G) = Λ 1 (G) = a ∈ G a p = 1 , and ℧ 1 (G) = V 1 (G) = a p a ∈ G ; G is called p-abelian if (ab) p = a p b p for all a, b ∈ G; We use c(G) and d(G) to denote the nilpotency class and minimal number of generators, respectively.
We use M p (m, n) to denote groups a, b a p m = b p n = 1, a b = a 1+p m−1 , where m ≥ 2, and use M p (m, n, 1) to denote groups a, b, c a p
, where m + n ≥ 3 for p = 2 and m ≥ n. We can give a presentation of minimal non-abelian p-groups as follows:
We use C n and C m n to denote the cyclic group and the direct product of m cyclic groups of order n, respectively; and use H * K to denote a central product of H and K. For undefined notation and terminology the reader is referred to [13] .
We have the following information about minimal non-abelian p-groups. (1) G is an inner abelian p-group;
Many scholars studied and classified A 2 -groups, see, for example [7, 8, 11, 12, 26, 30] . We have following Lemma. Lemma 2.3. ( [30] ) Suppose that G is an A 2 -group. Then G is one of the following groups:
(I) d(G) = 2 and G has an abelian maximal subgroup.
, where p ≥ 3 and ν = 1 or a fixed quadratic non-residue modulo p.
where n ≥ m, and n ≥ 2 if p = 2;
and G has an abelian maximal subgroup.
, where (j, p) = 1, p > 2, j is a fixed quadratic non-residue modulo p, and −4j is a quadratic non-residue modulo p;
2 and ρ the smallest positive integer which is a primitive root (mod p); if p = 2, then j = 1.
(IV) d(G) = 2 and G has no abelian maximal subgroup.
where p ≥ 5, ν is a fixed square non-residue modulo p;
, ρ is the smallest positive integer which is a primitive root modulo p;
(V) d(G) = 3 and G has no abelian maximal subgroup.
Analyzing the group list in Lemma 2.3, we have following lemma.
Lemma 2.4. Suppose that G is an A 2 -group with order p n .
(
and p is odd. A finite p-group G is called metacyclic if it has a cyclic normal subgroup N such that G/N is also cyclic. It is obvious that metacyclic p-groups are in B p .
In 1973 King [15] classified metacyclic p-groups. In 1988 Newman and Xu (see [19, 29] ) found new presentations for theses groups. Theorem 2.9 is quoted from [29] . Theorem 2.6. (1) Any metacyclic p-group G, p odd, has the following presentation:
where r, s, t, u are non-negative integers with r ≥ 1 and u ≤ r. Different values of the parameters r, s, t and u with the above conditions give non-isomorphic metacyclic p-groups. It is denoted to < r, s, t, u > p in this paper.
(2) Let G be a metacyclic 2-group. Then G has one of the following three kinds of presentations:
(I) G has a cyclic maximal subgroup. Hence G is dihedral, semi-dihedral, generalized quaternion, or an ordinary metacyclic group presented by G = a, b a 2 n = 1,
(II) Ordinary metacyclic 2-groups: G = a, b a 2 r+s+u = 1, b 2 r+s+t = a 2 r+s , a b = a 1+2 r , where r, s, t, u are non-negative integers with r ≥ 2 and u ≤ r. It is denoted to < r, s, t, u > 2 in this paper.
(III) Exceptional metacyclic 2-groups:
r+v , where r, s, v, t, t ′ , u are non-negative integers with r ≥ 2, t ′ ≤ r, u ≤ 1, tt ′ = sv = tv = 0, and if t ′ ≥ r − 1 then u = 0. Groups of different types or of the same type but with different values of parameters are not isomorphic to each other. It is denoted to < r, s, v, t, t ′ , u > 2 in this paper. 
Then v ⊥ is an F-subspace of V , and since f is symplectic, Fv ⊆ v ⊥ .
Lemma 2.12. [14, Chapter VIII, Theorem 9.8] Let V, W be finite-dimensional vector spaces over a field F and let f be a symplectic bilinear mapping of
Lemma 2.13. [1, Lemmma 5.3] Let V, W be finite-dimensional vector spaces over a field F and let f be a symplectic bilinear mapping of V × V into W . Suppose that the dimension of f (V, V ) is k.
(1) There is a subspace S of V such that f (S, S) = f (V, V ) and the dimension of S does not exceed k + 1.
(2) Let k ≥ 2 and let S be a
A finite p-group G is said to be a T 4 -group if any two noncommutative elements generate a minimal non-abelian groups of order p 4 . [3] classify T 4 -groups, see Theorem 2.14-2.18. Theorem 2.14. Let G be a non-abelian T 4 -group. If a subgroup of G is isomorphic to
Theorem 2.15. Let G be a non-abelian T 4 -group. If any two noncommutative ele-
p by a with a p 2 = 1 and 
Theorem 2.17. Let G be a non-abelian T 4 -group. Suppose that any two noncommutative elements of G generate M 2,2,2 , then G is one of the following non-isomorphic groups:
Theorem 2.18. Suppose that G be a non-abelian T 4 -group, two subgroups of G are isomorphic to M p (2, 2, 1) and M p (2, 2) respectively and no subgroup of G is isomorphic to
where L is one of the following groups:
, where p is odd and ν is a fixed quadratic non-residue modulo p;
2 , ρ the smallest positive integer which is a primitive root modulo p; If p = 2, then j = 1.
We need following Lemmas. Proofs are omitted.
Lemma 2.20. Suppose that U = U (p n ) is the multiplicative group containing of all invertible elements of Z/p n Z, where p is an odd prime and n is a positive integer. That is,
and S(U ) is cyclic with order p n−1 . S i (U ) where 0 ≤ i < n, the unique subgroup of
Lemma 2.21. Suppose that U = U (2 n ) is the multiplicative group containing of all invertible elements of Z/2 n Z, where n ≥ 2 is a positive integer. Then
For m < n, the order of ε + i2 m is 2 n−m and ε + i2 m = ε + j2 m for all odd j.
Theorem 2.22. Let G be a finite metahamiltonian p-group. Then sections of G are all metahamiltonian.
Theorem 2.23. Let G be a finite p-group. Then G is metahamiltonian if and only if every minimal non-abelian subgroup is normal in G.
Theorem 2.24. Let G be a finite metahamiltonian p-group. Then, for all x ∈ G, x G is abelian or minimal non-abelian.
Theorem 2.26. Let G be a finite p-group. G is metahamiltonian if and only if G ′ is contained in every non-abelian subgroup of G.
Lemma 2.27. Suppose that G is a finite metahamiltonian p-group which has elementary abelian derived group. If G is not an A 2 -group, then A 2 -subgroups of G have nilpotency class 2.
Theorem 2.28. Suppose that G is a finite metahamiltonian p-group having an elementary abelian derived group. If c(G) = 3, then G is an A 2 -group.
Corollary 2.29. Suppose that G is a finite metahamiltonian p-group having an elementary abelian derived group. If c(G) = 3, then d(G) = 2 and p is odd.
3 The classification of finite metahamiltonian p-groups having an elementary abelian derived groups
If m 1 = 1, then G/G ′ is elementary abelian. By Theorem 2.26, G ′ ≤ x, y for every non-commutative pair x, y ∈ G and hence x, y is minimal no-abelian with order p 4 . It follows that G ∈ T 4 . By Corollary 2.19, we get groups (C2)-(C4) for m 1 = m 2 = m 3 = 1 and (C9)-(C10). In the following, we may assume that m 1 > 1.
Let i be the minimal integer such that a i ∈ Z(G). That is, there exists j > i such that [a i , a j ] = 1. If i = 1, then a 1 ∈ Z(G). Replacing a 1 with a 1 a j , we get a 1 ∈ Z(G). If i = 1, then we also have a 1 ∈ Z(G).
Let j be the minimal integer such that [a 1 ,
. Hence we may assume that k ≤ 2.
Let l be the minimal integer such that
Hence we may assume that l = 3.
Let
, K is one of the groups determined in [2] , Checking [2, Table 4 ], K is one of the groups (C1)-(C8) in Main theorem. If r = 3, then G = K. In the following we may assume that r ≥ 4.
Case 1: K is a group of Type (C1) in Main theorem. That is, K = a 1 , a 2 , a 3 a
Assume that a where (β, p) = 1. Let P = a
Hence P is neither abelian nor normal in G, a contradiction. where (β, p) = 1. By calculation, a
is neither abelian nor normal in G, a contradiction.
By similar argument, we may assume that a . Then J is a group of Type (C7) where (γ, p) = 1. By calculation, a 2 , a 4 a β 1 is neither abelian nor normal in G, a contradiction. 
We also get a group of Type (C4) in Main theorem.
Case 5: K is a group of Type (C5) in Main theorem. That is, K = a 1 , a 2 , a 3 a
Assume that a 
We also get a group of Type (C6) in Main theorem.
Case 7: K is a group of Type (C7) in Main theorem. That is, K = a 1 , a 2 , a 3 a
where p > 2, ν is a fixed square non-residue modulo p and
We also get a group of Type (C7) in Main theorem.
Case 8: K is a group of Type (C8) in Main theorem. That is, K = a 1 , a 2 , a 3 a
Assume that a We 
We also get a group of Type (C8) in Main theorem.
Then G is one of the groups (D1)-(D5) in Main theorem, where A = 1.
Proof Since c(G) = 2 and
Hence G is one of the groups determined in [21] . Checking [21, 
Since G ′ ∼ = C 3 p , it may be viewed as a 3-dimensional linear space over F = GF (p). Let G = G/Φ(G) = ā 1 ,ā 2 , . . . ,ā r . Then G may be considered as a linear space over
It follows from c(G) = 2 that f is a symplectic bilinear mapping and f (G, G) = G ′ . By Lemma 2.13 (1), there is a subspace S of G such that f (S, S) = G ′ and the dimension of K does not exceed 4.
We claim that there is a subspace K of S such that f (K, K) = G ′ and the dimension of K equal to 3. Otherwise, the dimension of K equal to 4, and f (X, X) ⊂ G ′ for every proper subspace X of S. We may assume that S is spanned byā iā 4 The classification of finite metahamiltonian p-groups whose derived groups are not elementary abelian
Proof Assume that G = a, b is a counterexample with minimal order. By Lemma 2.9,
Let o(a) = 2 n and H = a 2 n−2 , b . Since H ′ = a 2 n−1 , H is not abelian. It follows that H G. By Theorem 2.26, a 2 ∈ H. Hence n ≤ 3 and |G ′ | = 4. By Lemma 2.10, G ∈ A 2 . By Lemma 2.3, we get groups of (E2)-(E4) in Main theorem. Theorem 4.3. Suppose that G is a metahamilton p-group and G is not metacyclic. If |G ′ | ≥ p 2 and G ′ is cyclic, then G is a group of Type (F 1)-(F 5) in main Theorem.
Let i be the minimal integer such that
Let j be the minimal integer such that
Replacing a 2 with a 2 a j , we have
Hence K is one of the groups in Theorem 4.2. That is, K is one of the groups (E1)-(E4) in Main theorem.
Step 1: We claim that K is one of the groups of Type (E1) in Main theorem.
If not, then we may assume that K = a, b satisfying the relations of Type (E2)- 
Step 2: By suitable replacement, we have a 
By
Step 1, K ∼ =< r, s, t, u > p where r ≥ 1, u ≤ r and r + 1 ≥ s + u. If p = 2, then r ≥ 2. Assume that
Let L = a, a i and x i ∈ L such that L = a, x i and x i ∩ a has minimal order. We claim that x p m i i = 1. Otherwise, we may assume that x i ∩ a = a p α and [x i , a] = a p β where α ≥ r and β ≥ r. Then there exist integers y and z such that (yz, p) = 1, x
Noting that β ≥ r ≥ 2 for p = 2, we have (x i a −yp α−m i ) p m i ∈ a p α+1 , which is contrary to the choice of x i . Replacing a i with x i , we have a p m i i = 1 where 3 ≤ i ≤ w. For 3 ≤ i, j ≤ w, since G ′ ≤ a i , a j , Theorem 2.26 gives that [a i , a j ] = 1.
Step 3: K is one of the following groups: Assume that K = a, b a p r+s+u = 1, b p r+s+t = a p r+s , a b = a 1+p r . If t = 0, then we have (ba −1 ) p r+s = 1 for p > 2 and (ba 2 u −2 r−1 −1 ) 2 r+s = 1 for p = 2. Replacing b with ba −1 or ba 2 u −2 r−1 −1 respectively, we get a group of Type (A). In the following we may assume that t ≥ 1. If s = 0, then (a −1 b p t ) p r = 1. Replacing a and b with b and a −1 b p t respectively, we get a group of Type (B). If u = 0, then we get a group of Type (C). If su = 0, then we get a group of Type (D).
Step 4: Determine G in which K is a direct factor. That is, G = K × A.
It is easy to see that A is abelian. It follows that a p r ∈ (a p s+u−1 d) p e = a p e+s+u−1 . Hence e + s + u − 1 ≤ r. By that arbitrariness of d, we getexp A ≤ p (r+1)−(s+u) . Since G is not metacyclic, we have A = 1. It follows that r + 1 > s + u. Hence we get a group of Type (F3) or (F4) in Main theorem.
Step 5: Determine G in which K is not a direct factor. Let G = H × A, where K < H and H has no direct factor. By Step 2, we may assume that H = K ⋊ B where B = b 1 × b 2 × · · · × b f such that o(b i ) = p r i , r ≥ r 1 ≥ r 2 ≥ · · · ≥ r f .
We claim that K is neither a group of Type (C) nor a group of Type (D). Otherwise, by calculation, ab −p t ∩ a = 1. Since G ′ ≤ ab Assume that a
